RANDOM WALKS. 1

BY
DONALD S. ORNSTEIN

By a random walk we will mean sums of independent, identically distributed
random variables. Recently Spitzer discovered a class of limit theorems for random
walks on the integers (or the points with integer coordinates in Euclidean space)
and important contributions to this theory were made later by Kesten. The original
work was motivated to a great extent by potential theory. However if we look at the
results solely from the point of view of probability theory, they are of very great
interest because they are the first theorems to be discovered that are natural, deep,
and hold for any random walk on the integers. This is very much in keeping with the
original spirit of probability theory which tries to make precise statements about
the outcome of an experiment with a minimum of knowledge about its mechanism.

The purpose of this paper is to generalize some of these theorems to random
walks on the line and to introduce some new methods in the case of the integers.

We will restrict ourselves to the line although everything works in higher di-
mensions and the proofs even simplify considerably. From here on when we speak
of a random walk on the line we will assume that it is nonarithmetic, i.e., it does
not live on an arithmetic progression containing 0.

(A) Let h.(A, B) be the probability of hitting 4 before B starting at x. If 4 and
B are finite intervals, then lim,_, o, (4, B) and lim,_, _,, h.(A, B) exists.

The above theorem implies that the distribution of the first hit in an interval
tends to a limit as the starting point tends to +00 or —oo and this distribution
can be shown to be nonsingular with respect to Lebesgue measure. In the transient
case this is essentially the Blackwell-Feller-Orey renewal theorem. [h,(4, B)+
h (B, A)=h.(A Y B, ¢). This and the nonsingularity of the distribution of the
first hit gives us that the expected number of times we hit the interval (x, x+1)
starting at O tends to a limit as x — o0 and x — —o0].

We get a variant of (A) by “reversing” the walk, namely: Let H,(A4, B) be the
expected number of times we hit A before hitting B, starting at x. If 4 and B are
finite intervals, then lim, _, , ,, H,(4+y, B) both exist. This is also analogous to the
renewal theorem which states (in our terminology): lim,. . » H(4+y, ¢) both
exist.

Our method gives a new proof of (A) in the integer case and of the renewal
theorem in this transient case. The essential ideas in the proof of (A) are contained
in §1 where we prove a slightly weaker theorem. §2 contains a proof of (A) and also
a proof of the variant mentioned above.
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(B) For our next result we must assume that the distribution u of our random
walk has a nonsingular part (otherwise there are counterexamples).

If 4 and B are intervals of the same length, then starting at x the difference
between the expected number of times we visit 4 and B up to time N tends to a
limit as N — oo. Furthermore, if we call this limit /(x), then lim,_, , , /(x) exist.
Also

lim 1) = = lim 109 = = ([ —40)([*4) .

A variant of the above theorem is the following: Let u be a probability measure
with a nonsingular part and let T be convolution by u. Let f(x) be a bounded Baire
function with bounded support such that [ f(x)=0. Then

(1) >F-; TYf converges pointwise (and in L, on finite intervals) to a bounded
function /(x).

(2) lim,., , , I(x) exist and

-1
lim I(x) = — lim I(x) = + ( f xf)( f xzu) .
In the above form the theorem is analogous to the renewal theorem. It is also a
strengthening (in this special case) of the ergodic theorem which says

2i=1 Tf*

2i- T~
converges pointwise (f* and f~ are the positive and negative parts of f).

As a corollary of the above theorem we get a picture of what >7_; u® looks like
for large n. If we denote by v” the absolutely continuous part of the measure v, then
there are constants C, such that (37, u®)" — C, converges (in L, on any finite inter-
val) to a function /(x) (C,=[g >7-, u®). To complete the description of 3 u®
note that the singular part of >;2, u®” is a finite measure. We can also describe the
general shape of /(x) in the following sense

lim [ f:nl(x)— f::“l(x)] ~ lim. [ J:” l(x)—f::+al(x)]

-1/2
= iab(fxzu) > for any a, b.

It is also true that lim,_, ; « f;‘“’ I(x) exist and that either both limits are —oo or
one is —oo and the other finite.

These results are proved in §3. The main tools are the theorem in §1 and T2 of
§3 which is a kind of ergodic theorem and holds for general Markov processes. The
proofs in this section are independent of §2.

(C) A random walk on the line is transient if and only if

a 1
JGR°(1—_a(05)de<°° for some a # 0.
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(u is a probability measure equal to the distribution of the random variables of
the random walk and #(6) is its Fourier transform.) This simplifies the classical
condition for transience due to Chung and Fuchs i.e.,

N 1

y/nll . Re (1_—_tu‘—(0)) db < 0.

We prove (C) in §4. We do this by first proving (C) when u has a nonsingular
part and then using the idea of Stone and Port of reducing the general case to this
special case. The proof will depend on T3.2 but will be independent of §1, §2 and
the rest of §3.

(D) In §5 we will show that the results in §3 can be used to show the existence and
uniqueness of certain equations from potential theory. We assume here that u has
an absolutely continuous part. We then have: Let r = 0 be a bounded Borel measur-
able function with bounded support, let

n
b= Com S u
i=0

(C.= f(l) T u® U9 =38y, uP=uetc.). Let I=1lim,_, , I, (I — I’ by the results in §3
and the singular parts of /, obviously converge). Then there is a constant K such
that g=/* r+ K>0 everywhere and u x g=g+r.

The idea of this proof is essentially the same as in the case of the integers. The
proof of the next theorem is more interesting and gives something new and simpler
in the case of the integers. Assume  is recurrent and has an absolutely continuous
component. Let f, g and ¢ be nonnegative Borel measurable functions. Let ¢ be
bounded with bounded support. Then if Tf—f=Tg—g=4, it follows that f—g
=ax+b a.e. (a and b are constants). If [ x?u=co then f—g=>b. (If u is transient
the theorem is still true if we replace x by some one exponential depending on .
This however is already known.)

NotATION. We will introduce the notation as we go along and try to repeat the
definition when it may be helpful. We will however collect the main points of
notation here for easy reference.

u will always be a probability measure on the Borel sets of the line. u will always
be the distribution of the random variables governing the random walk.

If v is a Borel measure on the line, Tv will be the Borel measure u * v.

If fis a bounded Borel measurable function, Tf will be the Borel measurable
function u * f.

u™ will be u convoluted by itself n times.

All functions will be Borel measurable.

We will let [f=[Z, f(x)dx. If v is a Borel measure we will let [ f-v be the
integral of f with respect to v.

3, will be the probability measure concentrated at x.

i, will be the function that is 1 on 4 and 0 elsewhere.

fr=1-f.
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f will be the operator: multiplication by the function f. (There are really two
operators here, one sends Borel functions into Borel functions and the other sends
Borel measures into Borel measures. Which one f stands for will be clear from the
context.)

If I=(a, b) then L,=(a+1t,b—1t), I=(a—1t,b+1).

h,(A, B)=the probability we hit 4 before B starting at x (we will only use this for
ANB=g;ifxe A, h (4, B)=1,if xe B, h.(A, B)=0).

H, (A, B)={the expected number of times we hit 4 before B starting at x}
=, 520 (JaT)' 8.

hy(A4, B) and H,(A, B) will be defined in the same way as h,(4, B) and H,(A, B)
except that we start with distribution equal to the measure v.

I+b=,I=the interval I translated by b-,f(x)=f(x—b) and ,v is the measure v
translated by b.

F(x)=f(—x). Similarly if v is a measure # is v reflected around 0. T is convolution
by u.

v” is the Radon-Nikodym derivative of the absolutely continuous part of the
measure v.

T =T (this will be used very seldom).

In §80, 1, and 2, B will denote a subset of the line. In §§3, 4, and 5, B will denote a
real number (B for bound). We point this out although it is clear from the context
what is meant.

0. Preliminaries.

Let f be a Borel measurable function (Baire function) and let u be a probability
measure defined on the Borel sets. Define u  f as u * f(x)= f(x—1)-du. (We
will sometime write [ fdu={ f-u.)

THEOREM 1. u * f is a Borel measurable function.

Proof. 1. It is easy to see that it is enough to prove T1 when f=y5 where B is
a Borel set and i the function that is 1 on B and O elsewhere.

2. If T1 is true for a countable family of disjoint sets B; then T1 is true for their
union.

3. If T1 is true for a set B then T1 is true for B, the complement of B.

4. T1 is true when B is an interval.

5. Tl is true for open and closed sets.

6. Tl is true for O N C where O is an open set and C a closed set, (Yo ~c=
‘/‘o - ¢'O n C‘)-

7. Tl is true for any finite combination of open and closed sets using U, N and ~
(any such combination can be expressed as a finite union of disjoint sets each of
which is the intersection of an open and closed set). In other words T1 is true for an
algebra of sets including the open (and closed) sets.

8. Let o/ be a maximal algebra of sets including the open sets such that T1 is
true.
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9. Consider the algebra o/ generated by the collection # of all countable
disjoint unions of sets in 7. Any set in % can be written as a finite union of disjoint
sets of the form: (a set in #) N (the complement of a set in #). T1 is true for such a
set since if B, and B, are in &, {5, 5, =5, — ¥, 5,

10. We conclude that o/ = . and hence that < is closed under countable unions
and ~. Hence 4 includes the Borel sets and T1 is true for the Borel sets.

We would like next to define u * v for two probability measures on the Borel
sets. Let F(x) be the distribution function of v. Then define u * v to be the measure
whose distribution function is u = F. [What we are actually doing is this: We
define convolution of point measures in the obvious way. We approximate the
continuous part of u and v by point masses (do not change the rest) by dividing the
line into disjoint intervals J; each of length <1/n and replace the mass of the
continuous part of u (or v) in J; by a point mass in J;. Call this u, (or v,). Then
lim,_, , u, * v, (—00, x] exists for each x and we extend this set function to a
measure (note it is right continuous).]

To each Borel measurable function f there corresponds a Borel measure that
assigns to E, [, f. Call this measure f. Tt is then true that (f2v)=f*v (v a
Borel measure). This is obvious when v is a point mass and we could approximate
the continuous part of » by point masses as we did above. The right side will con-
verge to f* v by definition. The left side will give a sequence of functions which
will converge in L, to f * v. To see this we write f as a continuous function with
compact support, f;, plus a function with small L, norm, f,, and we can then
choose a sequence of continuous functions with compact support, /;, such that
2i%1 l;has small L, norm, ;20 and 32, /;> | f3].

THEOREM 2. [(u* v)-f=[(d*f)-v. (@ is the measure u reflected around the
origin. u and v are probability measures on the Borel sets and f, a Borel measurable
Sfunction.)

Proof. The proof is almost the same as tha. of T1. It is enough to prove T2 for
f=1g where E is any Borel set (5 is 1 on E and O elsewhere). If T2 is true for
Y., E;, disjoint then T2 is true for ¢ y z, and for ¢, and if E, < E, and T2 is true for
Y&, and for i, then T2 is true for 5,z . We can repeat the same argument as in T1
as soon as we show that T2 is true for ¢, when I is an interval. If we approximate
the continuous part of u by point masses as before then [ u, * v-; — j u*v-,
Jttn v-dy={ @i, % §y-vand [ i, x ;-v — [ @ * 4, v. The last equation comes from
the fact that i, * y; converges uniformly to @ * ;.

Let X; be a sequence of independent identically distributed random variables
with distribution u and let T be the operator convolution by u. Let g be the operator
multiplication by the function g and let 8, be the probability measure concentrated
on x. Let S,=x+ X1, ..., X,. Then

W ProSucdnn = L., Ny = [(ad): @)
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(This is easy to see and so we omit a proof. However, for our purposes, we could
forget about random variables and use the right side of (1) to formalize the state-
ment: the random walk, starting at x, is in the set 4, at time n.)

THEOREM 3. If we denote the right side of (1) by f(x) then f(x) is Borel measurable
and [ f-v=[ J4,T)- - - (Fa,T)v (v is a probability measure on the Borel sets).

Proof.

f(x) = j b T $T) 3,

M
= J‘(T{ﬁdl' ° "LAN_:[T)'/JAn' Bx = [(T‘LAI ‘ 'lﬁAN-lT)./’AN](x)’

We get the middle equation by repeated use of T1 and T2. The other two are just
definitions. (1) shows that f(x) is Borel measurable (using T1 again). From (1)
we get that

@ [Fo = [ bau Do

We next repeat the argument in (1) to get

J‘(‘LANT). (a0 = f’/’AN'(T' : "/;AIT)U

) ]
= f(T¢A1 tee (pAN -1T)¢AN 0.

We will give next, a few consequences of T3. Let us denote the function 1 —g by
g'. Let us define

hx(A9 B) = féo ‘ZA(T'L:QUBY e

h.(A, B)is the probability that we hit 4 before B starting at x. (To avoid unnecessary
confusion we will only consider the case where 4 N\ B= g.) T3 implies that
h.(A, B) is a Borel measurable function if 4 and B are Borel sets.

COROLLARY 1. Let D be a set containing AVY B, x¢ D. Then h.(A, B)
=[ hy(A, B)-p where p is the measure 3%, $p(Tp)' 8 (p is the distribution of the
first hit in D starting at x).

This is completely obvious. Nevertheless we will give a formal proof not using
random variables.
Proof. We will first show

)] (T$uos)v = TPpv+ Ty pibov.

To see (1) write v=4¢,v+Jpv and note that ¥, zfp=yp. We use (1) to show by
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induction that
n-1

(2) (T ‘p:duB)n sx = (T ‘L,D)" 8x+ Z (T JQUB)”-‘JD(T‘L;J)‘ sx’
i=0

[(2) checks for n=1 by (1). Use (1) also to get
T aon)TPo) 85 = (Tp)"** 8+ (TPaus)Po(TPp)" 3.

Now apply T, 5 to both sides of (2) to show that (2) is true for n+1.]
Apply ¢, to both sides of (2) and sum to get

@ Z a8 = 3 BTy 5.+ 2 2 BTl BT 5.

n=0
(4) The right side of (3) is equal to

n

2, 2 PaTFaun)Pn(Th5) 8.
n=1 {=0
because $fp=4,.
(3), (4) and the definition of h.(4, B) give

®) B(AUB) = > $uThuualp.

n=0

T3 and (5) give Corollary 1.
COROLLARY 2. Suppose AV B+t<D, x+t¢ D for all |t|<2. Then

j:“ h(A4, B)dy = fh,,(A, B)-(p*¢y) dy

where I=(0, 1) and p is the same as in Corollary 1.

(f:+1 hy(A, B) dy = J“Z JA(TJAUB)‘¢(x,x+ 1))
by T3.) )

Proof. This is also obvious but we will give a formal proof which is a slight
modification of that of Corollary 1. Let € be the operator convolution by i, ).
We then have

1 (TPaun)6v = €(Thp)o+ T, sEpr.
To see (1) let Cv=Fpv+ €0, Ty s8I0 =TEIpv. Since P4 s Edp=Cdp

@ (T 5, = G(TH) 5.+ 2(T¢;ua)"-*%¢p(r¢s)‘ 5..

As before the case n=1 follows from (1), also by (1)
(T a6 (TPp) 8. = C(TPo)"** 8+ TaosEPp(TP0)" 8.
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From (2) we get

2, baTFaua)'€ 8 = Z $aE(To)" 8.

n=1

@) PIDRT RN AT

I
iMs
uM: "Ms

The last equality comes from a/:;&/; l/_l
(3) and T3 imply Corollary 2.

l/; (T‘[’;uﬂ)n_ig‘z;D(Tl/;llJ)i Sx
€,

(P € =4, dp+,€dp and ‘[’A(g‘/}b =0)

COROLLARY 3. Pick sets E, F, D, a measure v whose support is disjoint from D
and a positive linear operator € that commutes with T. Assume that E and F are in D
and that the support of €y}, is disjoint from E U F. Then

> Ty - 2 Fe(TH)" (Z %(T%)"v).

Proof. The proof is exactly the same as that of (3) Corollary 2 and will be
omitted.

If u is a measure on the Borel sets on the line we will denote by 4™ the convolu-
tion of u with itself # times. We will say that u is arithmetic if the support of u is an
arithmetic progression containing 0. It is then easy to see that if # is nonarithmetic
and if >, u® is infinite for some interval it is infinite for all intervals (see Feller
[2, p. 200]). (If 5>, u® is infinite on some interval we say that the random walk,
given by random variables with distribution u, is recurrent. If the walk is not
recurrent we say it is transient.)

From now on we will assume u to be nonarithmetic. We can strengthen the
assertion in the previous paragraph if we start with an absolutely continuous
distribution instead of at a point as follows:

THEOREM 4. If u is nonarithmetic, recurrent and f a bounded nonnegative, in-
tegrable Borel measurable function, | f>0, then _[E >, u® x f=00 for any Borel
set E of nonzero measure.

Proof.
L5 )= (3 ) tiem 5 e

f* 5 is continuous and therefore f* yz > &, for some ¢>0 and some interval I.

If u is recurrent (and nonarithmetic) then if E is a Borel set of nonzero measure
we will hit E infinitely often with probability 1 for almost every starting point x
and from every starting point x if  has an absolutely continuous part. The theorem
below is equivalent to this. (However the equivalence is not necessary for our
purposes since we will only use the version in the theorem.)
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THEOREM 5. Let u be recurrent (and nonarithmetic), f a nonnegative Borel measur-
able function and E a Borel set of nonzero measure. Let ;T be the operator that
agrees with convolution by u on functions with support outside of E and sends functions
with support in E into 0. We then have

[ > sm7=[r whereszor=p.
E n=0
Proof. Assume the theorem is false. We then have
f z el < Cff for some C < 1.
En=0

Without loss of generality we could assume that the support of fis disjoint from E.

(1) There is a set B of nonzero measure, such that BN E= @ and for any g=0
with support in B we have

@) [z 2r-0T"g<C’ [ g where C'=C+14(1—C). To prove (1): let o, =sup | g
where sup is taken over all g=0, g=<fand equation (a) is false. Pick g, such that
f g1>%a1, fZ g, 20and (a) is false for g;. Next let f; =f—g;, «;=sup [ g sup taken
over all f;2g20 and (a) is false for g. Pick g, such that [ g,>%a,, f;2g,20 and
(a) is false for g,. Continue this procedure defining g,g,---g, etc. Let fo=f
—>21 8. | fo>0 since (a) is true for f but false for 32, g,. Let B be a set such
that for some &> 0, f,(x) > for x € B. We now have that (a) is true for any g=0,
g=¢, support of g in B, but g <e is irrelevant and hence we have (1).

(2) There is a set E'<E, of nonzero measure, an integer N and &> 0 such that
(@) [, TVg>e [ g for any g2 0 with support in E'.

To see (2): We can find some ¢ and N such that [, TVf>2¢ [ f where f=4y; by
T4. We next proceed exactly as in (1) picking a sequence g, such that (a) is false for
each g; and each g; is almost as large as possible subject to the condition that
2n=18<[.

(3) There is a constant K such that if g has support in E’ then [,. 32, 5T'g
<K [ g. We will get (3) from (2) as follows: If k is a function let k be the operator
multiplication by k and k' =1—k then ;T=TJ}

@ (w; s (T%)‘g) — 2 (Thyg+1

where /=y 32, (T5)'g. All that we need to know about / however is that [ /< g
Let us write §5 >:2 o (T¥5)'g=h. From (a) we get

N
(b) TVh < h+ » T'l.
i=0

Next note that A2z 52, (TPs)'g=h, since EN B= z. Apply (2) to h, and use
the above inequality to get

© . f hy < f TVh, < f T™h,
B B
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combine (c) with (b) to get

) efhl ngh+Nf1.

(d) is what we want since

(4) We will now get a contradiction by showing that if g has support in E’ then
o 220 T'g<oo. To see (4) we first note:

(@) (Srefos = (3, Sorht

7i=11=0

where hy=g, f,=Co sT'h)s, hyr1=(Ci%0 eI (2) is easy to see and we
omit a proof. It is also easy to see that j'E SropI™gs j'E >x-0 eI'"g and therefore
(1) implies that [ h;,, <C’ [ f; and from this we get

(b) f by £ C f h,.

(3) implies

© I > oT'h < K j h,
E {=0

(a), (b) and (c) now show that [, >, T'g <.

THEOREM 6. Let u be recurrent and f a Borel measurable function such that
f(x)=0and u * f=f a.e. Then there is a constant C such that f(x)=C a.e.

Proof. Assume T6 is false. We may also assume without loss of generality that
both [ (f—1)*#0 and [ (f—1)~ #0.

(1) ux(f—1)=f—1 ae. Let g=(/—1)* and h=(f—1)" so that f—1=g—h.
Note that A(x) < 1. Let us rewrite (1) as follows.

(2) ux(g—h)=g—h+e everywhere where e is a Borel measurable function
f le|=0 (e=0 a.e.).

B) u™x(g—h)=g—h+37-¢ u® *e.

(4) uU™ xh=h a.e. This is so because g is 0 on the support of 4 and on the
support of & we have by (4)

n-1
U® x h—u™ x g = h 2 ud % e.
i=0
By choosing u properly we can get that there is a set E of nonzero measure such that

both u™ % g(x)>0 and h(x) >0 for x € E. This gives us
(5) u™ x h—h>0 on a set of nonzero measure.
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(6) Let v=u™ and let s=u™ % h—h, then v x h=h+s*+5s~ and [ s~ =0 by (4).

(7) v(i) * h=h+z‘j;}) U(l)s+ +Z§—=I‘l" v")s".

Since A(x)< 1, v * h(x) <1 but for any interval /

i-1
; D g ¢ =
i[53 000 =0

by (5) and T4 and [ 32} v x s~ =0 giving a contradiction.

As before let ¢z be the function that is 1 on E and 0 elsewhere let E+a be the set
E translated by a and let 8, be the probability measure concentrated at the point x.
Let 4™ be u convoluted by itself n times.

THEOREM 7. (a) Let u be nonarithmetic. Then given an interval I and numbers a
and e >0 we can find integers n and k such that | [u™ % g —u™*® % i 4| <e.

(b) If we rule out the possibility that the support of u lies in an arithmetic pro-
gression(*), then

lim ([ (=il = 0.

(¢) If u has an absolutely continuous part, then
lim f 4™ % (85— 82)| = 0.
n— o

(d) If the support of u lies in an arithmetic progression containing 0 and if a is in the
group generated by the support of u then

lim f 4™ % (85— 82)| = 0.

(e) In both (b) and (c) the convergence is uniform for all a in a bounded interval
(in (b) keep 1 fixed).

It is easy to see that (b) will remain true if we replace ;,—,,, by any Borel
measurable function g of integral 0 since we could approximate g in the L, norm
by sum of function of the first type. However we will not use this.

Proof. We will first prove (b). Pick £>0. Then pick random variables X; and Y,
both with distribution u such that Z,=X;— Y;#0 is bounded and the group
generated by the range of Z, contains a number of absolute value <e. (To do this
we first pick X;. Then we let ¥; = X, on the set where | X;| > N for some very large
N. We then pick Y to have the same distribution as X; on this part of the measure
space Q, and to be independent of X; on the rest of Q. If N is chosen large enough
we get our desired Z;.) Next pick a sequence Z, = X, — ¥, such that any two Z, have
the same distributions and any two of the X; or Y; have the same distribution, and

(1) Recall that nonarithmetic means that the support of # does not lie in an arithmetic pro-
gression containing 0.
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such that Z,, (and X, and Y,) are independent of everything that came before. Now
the {Z} give a recurrent random walk and so we will hit an interval of length
2¢ around —a with probability 1. (This means that the random walk governed by
> X, and the walk governed by a+ >, Y; come within 2e of each other with proba-
bility 1.) Let F, be the set where |a—>7.; Z;| £2¢ and |a—3]., Z;| >2e for j<n.
It is easy to see that we can replace the sequence X; and ¥; by sequences X; and Y,
so that X,= Y, on J/-{ F; and X,;= X, and Y,=Y, on the rest of Q and X, and
Y, are independent. (This means that the walks given by > X, and a+> Y, get
and stay within 2¢ of each other with probability 1.) This last fact enables us (for n
large enough) to write the distribution of >7-; Xj, u™ (u convoluted by itself n
times) as the sum of positive measures ; (i=1, . . ., K) and to write the distribution
of a+ >, Y/, u™ x 8, as the sum of positive measures # (i=1,..., K) insuch a
way that [u;=[ (i=1,..., K) and u+#; has support in an interval of length
less than 4e (i=2, ..., K) and [ u; <e. This shows that

[ o= 8] = [+ (=)

can be made as small as we want by making e small enough. This gives (b). To get
(c) we note that if k is large enough »® can be written as the sum of 2 nonnegative
measures u,; and u, where juz can be made as small as we like and ul(E)=j"E g
for all Borel sets E where g is continuous (g = 0). This shows as before that

flu(k) * (u(n)__u(n) * Ba)I

can be made as small as we want by making k and » large enough.

To get (e) it is enough to show that for cach of the integrals in (b) and (c) and for
&>0 we can find an N and 8 such that the integralis <& for alln> N and all |a| <8
(n= N will do since both integrals are monotone nonincreasing in n). This is obvious
for the integral in (b) and for the integral in (c) we simply write u®=u, +u, as
before.

To get (d) we repeat the proof of (b) except that the group generated by the range
of Z, should be the same as the group generated by the support of « (it can no longer
contain an element of absolute value <e).

To get (a) we need only consider the case where the support of u lies in an
arithmetic progression not containing 0. Then u=u, * §, where the support of u,;
lies in an arithmetic progression containing 0. Without loss of generality we could
assume that the group generated by the support of , is the integers and that b is
irrational. Pick integers k& and n such that |[N—(a+bk)| <e. Let c=N—(a+ bk).
Let v=35, * u® « §,. It is clear that » has support on the integers. By (d)

fim f]u(”) * (1=5)| = lim J‘|u(1") * (v—38,)| = 0.
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Rewriting the last equation we have

}irg [0 % 8, . —u™ % 8| = 0,

and this easily gives (a).

Section 1

This section contains a proof of Theorem 1. The proof is written for the re-
current case and the changes necessary for the transient case are put in such a way
that the reader who wants to ignore them can. The reason for this is that in the
transient case we can get the theorem as a consequence of the Blackwell-Feller-
Orey renewal theorem. The remarks on the transient case were added for the sake
of a unified approach, and to provide another proof of the renewal theorem.

DEerINITION. Let h,(A, B) be the probability of hitting 4 before B starting at x
(4 N B=2).

THEOREM 1.. For a nonarithmetic random walk on the line and two fixed bounded,
Borel sets A and B,

t+1 t+1
lim h (A4, B)dx and tlim h,(A, B) dx
- -0 J¢t

t+o Jt

both exist.

L1. For each ¢ >0 and M >0 there exists N>O0 such that if |y| >N and |a| <M
then

v+1 y+a+l
f h(A, B)— J' hA, B)' <e
v v+a
Proof.
y+1 ki R
M [ han = [ 3 0o,
Yy =
by T0.3 (Theorem 3 in §0). (i, is the function that is 1 on D and O elsewhere,
Y.y+1) 18 1 on the interval (y, y+ 1) and 0 elsewhere. g is the operator multiplication
by the function g. T is the operator convolution by u where u is a probability

measure equal to the distribution of the random variables governing the walk.)
It is easy to see that for fixed n

lim [T Faos e =Tl =0

We can now apply T0.7 to get L1.
{If we make use of recurrence the proof is trivial and we outline it here. Note

v+1 -1
f h(A, B) dx = f h(A+1, D+1) dt.
v 0
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Also if we start at y we will hit an interval of length e around y + a with probability
greater than 1 —4e before some time N. If | y| is large enough we will hit (J;j <, 4+¢
U B+t with probability <Ze before time N. These facts give L1.}

NOTATION. Let s=1lim supj;j.« [;** h.(d4, B) dx. Let O, be the set of ¢ such that

t+1
U h(d, B)dx—s| < .
t

L2. Given ¢>0 (and bounded Borel sets A and B) there exists an N such that if
|¢| > N then either t or —t is in O,.

Proof. We will start by assuming that there are arbitrarily large ¢ such that ¢ and
—t are not in O,, and get a contradiction.

Let ,D stand for the set D translated by ¢.

Pick an integer M > 10/e. The first step in the proof will be to construct a set E.
E will be the union of translates of 4 U B by numbers ¢, i=1,..., M, and E will
have the property: (1) for each i, i=1,..., M,

y+1 9
L halids (B) dx < s—% e
if for some j, j#1i, the distance of y from , 4 U , B is less than 1.

We construct E as follows: Let ¢, =0 and let E;=A4 U B. Assume now that we

can construct a set E, consisting of n translates of 4 U B (by numbers ¢, i=1,...,n)

and satisfying (1). We will then get a set E,, , , consisting of n+ 1 translates of 4 U B
satisfying (1). By assumption there are arbitrarily large ¢ such that

t+1 1
f hi(d, B)dx < s—e and f h(,A, B) dx < s—e.
t 0

L1 tells us that if ¢ is large enough then [}**h,(.4, .B) dx <s—9¢/10 if y has
distance less than 1 from E,. Also

v+1 9
J; hx(t;A9 t;B) d.x < S—'I—G &
if y has distance less than 1 from ;4 U ,B, and i=1, ..., n. Call this ¢, ¢, and let

E,..,=E, V., AV, B Clearly E, satisfies (1). Let E=E,,.
By L1 we can pick a number w such that

w+1
@) f h A, 1 B) dx > s—-l-lb-e fori=1,..., M

Let p be the distribution of the first place we hit E starting at w. Let p, be the part
of pin AU B, i=1,..., M. For some i (call it k) we have:

) o<
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By Corollary 2 of T0.3 we have
w+1
[ ot By = [ 1B i)
w
@ = [, uB) i p
M
= 4-21 fhx(tkAs th) * 'pI'Pt dx,

where I=(0, 1) and ;=4_,,0)- (The second equality comes from T0.2.)
Because of (1) the function h,(; 4, ; B) * J; is less than s—9¢/10 at all points of
t,A U 4B, i#k. Therefore

O [t By pi < (5= ) [ fori k

Combining (3), (4) and (5) we get

w+1 8
f halid, o,B) dx < 575

but this contradicts (2).
Proof of Theorem. Let
y+1 v+1
k)

§ = lim sup h.(B, A) = 1—lim inf

|- v 1Y|-»

h(4, B).

Let O, be the set of y such that | [¥** h.(B, 4)—3| <e. We would then have L2 with
O, replaced by O,. These two versions of L2 imply that for large enough y either
yisin O, and —yin O, or —yisin O, and y is in O,. If s=1—35, we are finished,
otherwise choose ¢ <1[s— (1 —35)]. Therefore y, in O, and y, in O, implies

> e,

vy +1 Vg +1
j h(A, B)— f h(4, B)
v Y2

1

Combining this with L1 we see that for some N we have y>N = y is in O, and
y<—N=yisin O,0or y>N = yisin O,and y< —N = yisin O,.

{In the transient case we get as far as L2 but the last paragraph does not work
because L2 does not work if we replace s by s” where

x+ 1
s" = lim inf h,(A4, B) dy.
x| Jx
We finish off the theorem as follows. Let P,(a, b) be the probability of hitting
(a, b) starting at x. Let S, be the set of x such that P,(—1, $)<e.
We will be finished if we can show that (1) for each & >0 there is an N such that if
|x| >N then x or —x is in S,.
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Before proving (1) we will prove

@) lim inf [¢(1,2,1,2) . ( i u"’)](x) = 0.

|x|— i=1

(u is the probability measure equal to the distribution of the random walk and »®
is the i fold convolution of u with itself.) To see (2) note that

1/2 o

lim [u(k) * ('/’(—1/2,1/2) * z “(i))](o) = lim z u® = 0.
i=1

k- © k- J_1/2 =k

The left side of the above equation equals

0
f('/’(—uz,m)* Z um)'u(k)
=1

and since for each fixed N, [Z%, u®+ [y u® can be made as close to 1 as we want by
making k large enough, we get (2).

(2) implies (3) lim inf| . » P.(—1/2, 1/2)=0. (3) implies (1) because if (1) were
false there would be an ¢ >0 and arbitrarily large x such that Po(x—4%, x+1)>eand
P,(—1,3)>e For each fixed y we can choose x large enough so that the last
inequality will imply (by L1) that P,(y—1%, y+%)>4e. Hence Po(y—4, y+4)>4e®
for all y contradicting (3).}

Section 2

In this section we will improve on and get some variants of T1.1. Our first
goal will be to prove Theorem (A) in the introduction. (We do not assume re-
currence here.)

DEFINITION. Let H,(A4, B)={, > (J3T)' 8, (to avoid unnecessary confusion
we will only use this definition for 4 N B= @). H,(A, B) is the expected number of
times we hit 4 before hitting B starting at x. (See pp. 2-4 for the definition
¥z, Tand §,).

L1. H,(A, B)<a<oo where « is a constant independent of x (it may depend on A
and B) if A and B are intervals.

Proof. This is obvious in the transient case so we assume recurrence
o -
) [1> @wryast
B i=0

This term is simply the probability of hitting B starting at x. (1) is formally obvious
since

o [y s, = [ Tmr 8.+ [@yes s,

[ > @wresk
B i=0
(2) follows easily from (1).
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(3) Write A as the union of disjoint interval A, each of length <1/10 the length
of B and with center x; and let B’ be an interval with the same center as B and of
length <1/10 the length of B. Then using the recurrence we can get a k; and >0
for each x; such that [, 7% 8, >¢; and hence

(4) [, TH 8, >¢ for any x € A;.

Now if L1 were false there would be an A; such that for arbitrarily large N we
could find an x for which

() Jay 350 G4TY 8. N,

Now it is clear using T0.3 that 4 and 5 contradict (2).

NortATION. If Iis an interval let I, and I be the intervals with the same center as I

and length |I|—2¢ and |I|+2¢ respectively (|I| =length of I).

L2. Fix aninterval I and a point y ¢ I. If |x;| — 0 and t; — 0, t,>0 then
}im H.(J;,I) =0
where J;=(y, y+1,).

Proof. If L2 were false there would be an ¢>0 such that H,(J;, I)>¢>0 for
infinitely many i and hence (1) for each j, H,(J;, I)> ¢ for infinitely many i. Let
v;,; be the measure whose Radon-Nikodym derivative is 1/¢; on (x,—3¢;, x;+3t;)
and O elsewhere. (1) implies that H,(4J;, I)>¢ for x;—3t;Sy<x,+4t; and we
therefore get using T0.3 that for each j there are infinitely many i such that

@) Ho(oint) >« (BB = [ 5 @),
i=0
Pick an interval J with center y, J N I= & and s=|J| <|I|/10. By L1 there is an «
such that
A3) H(J,I,) < « forall x.

Pick an integer N such that Ne >4a. Pick n points B;inJ, i=1, ..., N and pick / such
that

L < 10 mm |B:— By
Let y,=p8;—y, and let , v be v translated by y;. We then apply T0.7 to (2) to get
(4) for some k (large enough)
( Jl’ Itl) > '}‘8 for 'yi,l = l N,

n”k !
and hence

(5) Hvk,l(t’-]z"“)’i’ Il+7() > %6 fOI‘ Yis i= 1, ey N

(J+y=J translated by y). Note that W/;+y; N 4Ji+y;= @ for i#j,i,j=1,...,N
and “J,+y,<J, i=1,..., N. Note also that I,,=N\", I,,,,. (5) therefore implies
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that H,,_(J, I,;)>%eN but this (and T0.3) contradicts (3). We can now get Theorem

(A) in the introduction namely

THEOREM 1. If A and B are finite intervals (with some, none, or all of their end-
points) then lim,_, o, h,(A, B) and lim,_, _,, h,(A, B) exist.

Proof. Let B’ be some closed interval in the interior of B. Let {; be the union of
the four (or 3) intervals of length ¢ whose center is an endpoint of 4 or B. L2 tells
us that given e we can find a > 0 such that for all x large enough we have H,(;, B')
<e and hence (1) A (L, B')<e (for all x large enough). (We can choose ¢ so that
{, N B’= ».) (1) implies (2) there is an N such that if |x| > N and |x—y| <47 then
|h(A4, B)—h,(A4, B)|<e. To see (2): h, (A, B)=h(A+(x—y), B+(x—y)). We
then use Corollary 1 to T0.3 to get h.(A4+(x—y), B+(x—y)) and h,(4, B) equal
| h(A+(x—y), B+(x—y))pand [ h(A, B)p respectively where p is the distribution
of the first hit in 4 U BU A+(x—y) U B+(x—y). The only part of p which will
contribute differently to the two integrals is the part of p in {, which is <& by (1).

We next combine (2) and T0.7 (Théorem 7, §0) to reduce T1 to T1.1 (Theorem 1,
§1). Break the interval (x, x+ 1) into disjoint intervals J; of length . h,(A4, B) varies
by <eoneachJ,if |x| > N, by (2). If | x| is large enough TO.7 tells us that

< te.

' J; I, B)- f] (4, B)

Hence |h(4, B)—[5** hy(4, B)| <3e.

THEOREM 2. For any nonarithmetic random walk on the line and bounded intervals
A and B,lim,_, , H(B+y, A) andlim,_, _ ., H,(B+y, A) exist and are finite.

T2 will be a consequence of the following lemma:

L3. Let Y be the function that is 1 on E and 0 elsewhere. Let yz=1—;, let f be
the operator multiplication by f and let A and B be bounded intervals. Then for fixed y

3, @by = 89

is a function defined for each x. lim,_, ., g,(x) and lim,_, _ ,, g,(x) exist for each x.
(g4(x) will be bounded on each finite interval.) The convergence is uniform for all x
in a finite interval.

Proof. Let I be an interval containing 4 and B+ A. Let the measure on I,
o, =20 (TP) 8,)-¢;. (o, is the distribution of the position of the first hit in 1
starting at y.)

It is easy to see that (Corollary 3 of T0.3)

1) Z (TH by = Z (T # ) onJ,

where J is any interval such that J and J+ B are in I.
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(2) Given >0 there is an N such that if y, >N and y,> N then

|(°‘v1 * hp— oy, * '/’B)(x)l <e

on I'+ B and 0 elsewhere. We get (2) by the following argument: By L2 there is a
8>0 and N, such that if L is any interval in 7 of length <8 then A,(L, I-L)<3e
for y> N,. Now write I as the union of L;, i=1, ..., M, L, being disjoint intervals
of length < 3. Next use T1 to pick N> N, such that for each i and y>N and z> N
we have |hy(Li, [—L)—h(L;, I-L;)| <¢/2M. (2) is now obvious.

(1) and (2) will give us L3 if we can show that

®3) 2 [TH)el() < b <

for all x in a finite interval (b may depend on this interval) where K is an interval
containing I and I+ B. To see (3) break K into the union of intervals K, i=1,...,M
of length ¢ and center x;. (Choose any ¢ such that 47 <length of 4.) We now have
that for each K;

@ | S @) < | 5 @Y s oo | 0

for all x. The right side of the last equation is <b for some b and all x because
D20 (Ti,)' 8., gives finite measure to any interval. (To get (4): let € be the operator
convolution by #y,_,, and v a Borel measure. Then we have v=¢},0+,v and
FaBv="4,88,0 <€, and hence (T)Ev < €(Tf4,)v and (TP 8, S C (TP, )"0,
The last inequality is (4).)

Proof of T2. H(B+y, A)=[ (320 (FaT)' 8,) Y5, By T0.2 the right side of the
last equation is equal to

| 5 e
=0
and by L3 this converges as y — o0 or y — —oo.

THEOREM 3. For all nonarithmetic walks on the line and bounded disjoint intervals
A and B, lim,,_, ,, H,(A, B) and lim,._, _ ., H.(A, B) exist and are finite.

Proof. Pick an interval B’ interior to B. Then given & use L2 to get a ¢ such that

(1) lim;, . H(*A—A,, B')y<e and

(2) limy . H(B—B,, B')<¢ [¢ to be chosen later] (pick ¢ so that B'< B)).
Our immediate goal will be to use (1), (2), and L1 to get that, for any >0,

(3) |H(A4, B)— H,(A, B)| <2e for all x large enough and |x—y| <4¢. To do this
write

@) Jp=4580p+:+¥sst—5 (B+tis B translated by ¢ and A — B is the part of 4
not in B.) Then

5)  @aT) 8, = (hons T) 5.t z Oy O o O TN
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we get (5) from (4) by induction

© > GAT b = 3, (huae bk D, GAT Y
and

P = 1=Zo (‘[‘B+t—BT)(‘Z’,B+tuBT)i 8x

(6) is still true if we interchange B and B+ call this equation (6") and the corre-
sponding p, p’.

(2) implies that [ p<¢’ and [ p' <¢', for x large enough. By L1 we get that if &’ is
chosen small enough compared to ¢ we have

@ l w ) 1
/T‘ < = adf ’ Ti’<— ).
f2t,. 420 (lpB )P 26 ( n 2ta £=Zo (‘/’B+t )P 26

6 and 6’ therefore give us

%) f

(x large enough).
(7) implies that (8) | H,(4, B)— H,_(A—t, B)| <« for x large enough. (1) and (8)
give (3). (3) says that

x+1
lim H(A, B) = lim f H,(4, B) dy
X— 0 X =0 )

;@;;T)n 8, — ;%,T)" 8,

<e

and the limit on the right exists by L3.

THEOREM 4. Define L(y) for y in some interval (a, b) to belim,._, ,, h.((a, ), (,b)).
Then there is an absolutely continuous measure v such that L(y)=uv(a, y).

Proof. L(y) is continuous by L2. Therefore v is defined. Suppose there were a set
E of measure 0 such that o(E)=«a>0. By L2 we can pick ¢ such that

lim h((@a—1,a+1t) U (b—t,b+1), (a+t,b—1)) < }a

X — O

(we may assume E<(a+t, b—1t)). Let p; .=the distribution of the first hit in
(a+s, b+s) starting at x. For x large enough and |s| <¢ we have (1)

flps,x_PO,xl < }a.

(To see this let p be the distribution of the first hit in (a—s, b+s5). Then

[1=pod <1a and [lo=pusl < 4o

since we get p, . from p by replacing pii, _s,4+5 by the distribution of the first hit in
(a+s, b+s) starting with distribution p; 5 q+5.)
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This implies that | |;v—v| <4« for all |s| <t (w=v translated by s). This in turn
implies that [ v * ¢;#0 which is a contradiction.

Section 3
In this section we will assume that our probability measure, , has a nonsingular
part. Let T be convolution by . Our main result is

THEOREM 1. Let f(x) be bounded, with bounded support and | f=0. Then (1)
>r_. T'f tends pointwise (and in L, on finite intervals) to a bounded function f(x) and
(2) lim,_, o f (x) and lim, _ ,, f(x) exist.

NoOTATION. Recall that all functions that we consider are Baire functions and all
measures Borel measures. We will let [ f stand for [, f(x) dx and if v is a measure
we will let {, v=2v(E) (E a Borel set), and [ v=v(—00, ), [ vf=[ fdb, etc.

We will only give the proof of T1 in the recurrent case since in the transient case
(1) is obvious and (2) is an immediate consequence of the renewal theorem (a proof
which has been given in §1).

The main tools in the proof of T1 will be T2.1 (Theorem 1, §2) and T2 of this
section. Note however that when u has a nonsingular part T2.1 follows immediately
from T1.1 because of TO0.7.

For easy reference we will list below 3 simple lemmas. (L3 is an easy case of
T0.2.)

L1. Let f(x)20, [ f(x)>0. Then the convolution of f with itself is bounded away
from 0 on some interval.

Proof. This follows from the fact that the convolution of a bounded measurable
function with itself is continuous.

L2. For any interval I we can find an n such that the Radon-Nikodym derivative
of the nonsingular part of u™ is bounded away from 0 on I. (u is assumed to be re-
current and to have a nonsingular part.)

L3. Let T be convolution by u(—x) and let 8, be the probability measure con-
centrated at x. Then (Tf)(x)=[ fo (T 8,).

Before proving T1 we will prove T2.

THEOREM 2. Let I be a finite interval. Then there is a constant B such that for
all f with support in I, | f(x)| £1 and [ f(x)=0 we have |(3}-, T'f)(x)| < B for all x
and n.

ReMARK. The conclusion of T2 is equivalent to |[ fo (37-, T*$,)| < B for all x
and n by L3.

Proof. Let f=r—h where r and h are nonnegative and have disjoint support.

(A) We will start by defining two sequences of functions r; and /;:

Let ry=r and /, =0,
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Let ro= Tr1 —inf (Trl, h), 12 =inf (Tr]_, h),
Let ro=Try—inf (Trg, h—1y), ls=inf (Try, h—1y),
Let

i-1
ri = Tn_l—inf (Trg_l, h—' Z lj),
i=1

i-1
I = (inf:rn_l,h- 21,).
j=1

An equivalent way of defining the r; and / is as follows: Define the (nonlinear)
operator K so that Kf=Tf* —f~. Then r,;=(K*~*r)* and h—3}_; ,=(K'"'r)".

(B) The next step is to show that >;2, r; has finite integral over any interval.

M) [ra=fh={}_, 1,

(2) For each n there is a set S, </ of nonzero measure such that >}, r(x)=0,
for x € S, (or r;=0 a.e. for i > n in which case (B) is obvious).

This is so because 37, /(x) <h(x) on a set of nonzero measure (or [ SP-, =[ h
and r,=0 a.e. for i>n).

Q) TGPy r)=20r24 ri+ 2221 I, and therefore

T(i ri)(x) <1, X € S,.

i=1

(4) From (3) we get for fixed K and every n there is an S, <7 such that

T"( Z r,)(x) < K forxesS,.

i=1
(Choose S;, so that > r(x)=0 for x € S;.)

We can now show that _f ; 24=1r<oo for any finite interval J. Let D be the
maximum distance between a point in  and a point in J and let H=(— D, D). Then
by Lemma 2 there is an «>0 and an integer K such that the derivative of the
absolutely continuous part of T¥ 8, >« for x € H.

6 If f y 2f=1 r>2K]o then T*(Z-, r;)(x)>2K for any x € I (« and K depend
only on I and J) by T0.3 but this would contradict (4).

(C) The next step is to show that X2, r(x) < B, a.e. We first show

1) >3, h=hae G, li=rae.).

This follows from the recurrence of the walk and T0.5 since if (1) were false then
a° there would be a set E of nonzero measure and & >0 such that A(x) — 32, l(x)>e
for x € E. This would imply that b° r,(x)=0, x € E. From b°® we get ¢° r, < zT*r
=(TPg)r (P is the operator: multiplication by the function that is 0 on E and 1
elsewhere). We get c° by induction. Assume c° is true for k then r, < Jz(TJg)*r by b°
and r,,, STr < (TJ5)*+'r. From b° and ¢° we get d° [ r < [, zT%r (E'=comple-
ment of E). By a° and (B)(1) there is an « >0 such that [ r, >« for all k hence by d°
L:' sL¥r>a>0 for all k£ but this contradicts T0.5 which says that

L ‘2 gl*r = f r.
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To get (C) we will show

Q) TG (r+h))=2>2, (ri+h) a.e. and we will then use T0.6 to show that
>, (ry+h) is a constant a.e.

We will get (2) from

B) Tpar =201 ri—ri+ra + 2020 1

4) T3y =37y hy—hy+ho o+ 2721 1L
Because of (B) lim sup,_, » r,(x)=0 a.e. (and lim sup, ., , A,(x)=0 a.e.) this shows
that lim,_, o T(CP-1 (r;+h))=2721 (r;+h) a.e. and by the monotone convergence
theorem we get (2).

(D) We can now show that

(1) |2r-1 T(r—h)x| < B, for all n (a.e.) since for a.e. x,

3 v = 3o 35 (3, T < B+ 3 neo

i=1 \j
and
n n n n—i n
> Thx) = > h®)+ D (Z T’li)(x) < B+ > T'r(x).
i=1 i=1 i=1 \j=1 i=1

(E) It is easy to see that if |>7.; T'(h—r)(x)| < B for all n, a.e. then the inequality
must hold for all x. The singular part of >%; T* 3, is finite and the absolutely
continuous part of >, T* 8, convoluted with A—r is continuous. This and L3
give (E).

(F) To see that B is independent of r and 4 (for the support of r and 4 in a fixed
Iand 0=r=1, 05h=1 and [h=[r=1), we note that B must be <(4/a)-K
-|7]=* (JJ|=length of J) (equation (B)(5)).

We will now go from T2.1 and T2 to T1 by a series of easy lemmas.

14. If f x%u=o0 (and the walk is recurrent),
lim A4, B) = lim hJA4, B)
(A and B are finite intervals).

Proof. L4 follows from the following: given ¢ and N there is y > N such that (A)
hy((—=N, N), (—o0, —N))<eor h_,((—N, N), (N, ©0)) <e. By results in [2, p. 575],
one of the ladder random variables has infinite expectation. The classical renewal
theorem then gives (A).

{For the sake of a unified and self-contained treatment we will give a proof of (A)
using only the classical renewal theorem (for u with support on (0, 0)). The exist-
ence of the limit in that theorem is implied by T1.1 and its identification as 1/[ xu
follows simply from the fact that [ u * ) 4= [ xu, and equation (2) below.}

Before proving (A) we will give three definitions.

1. lis the operator, multiplication by the function /.

2. ay=9(- 0,0 2420 T(0,))'(?)-

3. Bo=40, ) 2i20 (T ‘ﬁ(o.oo))‘(v)
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([, B,< o for any finite interval I and the bound is independent of v by L2.1.) We
will sometimes let » be a measure and sometimes the Radon-Nikodym derivative
of an absolutely continuous measure. o, and B, will then be measures or derivatives
of measures respectively. «, is the distribution of the position of the first hit to
(—o0, 0) starting with the distribution v while B, is the distribution of the expected
number of hits in (0, c0) before hitting (— oo, 0).

(1) | —xas,=o0 for any z>0 implies (A). To see (1) let H.(A, B) be the distribu-
tion of H,(A, B) (H(A4, B)=y, >0 (sT)' 8,). Let Hi(A, B) be the expected
number of times we hit A before B starting at x for the random walk given by
s, * 8_,. The renewal theorem then gives lim,_,, Hy((—N, N), (—o0, —N))=0.
This implies that lim,_, , H,((— N, N), (—o, —N))=0 because

ﬁy((_N’ N),(—(D, _N)) = ﬁ;((_N’ N)’ (—(X), —N))*ﬁo((—Z,OO),(-—OO, ’_Z))'

lim,_ » H((=N, N), (—o0, —N))=0 by (1) and the classical renewal theorem.
{; Ho((—z, ), (—o0, —z))<oo by L2.1 or the remark after the definition of B,.
(I is an arbitrary interval.)

(2) ay=9(- w.0)IB,. This is easy to see.

(3) Let r be the derivative of a probability measure with compact support, then
lim inf, ., B,(x)=y>0 implies — [ —xe, =00 (and this, because of T0.3 and (1),
implies (A)). (3) is true because

J‘:O —x(u * o, ) = wa x%u.

Let r be the measure whose derivative is (1/2N )¢, 25, Then

@ 80 = |5 ThomdO|@ = [ 3 Gawl)e) forx>0.

The first equality is simply the definition of g, for x>0 and the second comes from
TO.2. Because of (3) we can assume lim inf,_, , B,(x)=0 but then the right side of
(4) gives (A) for T and hence for T.

LS. If the first part of T1 were false there would be a y >0 and x, such that for any
N there would be integers K and L, K> N, L>0 and

|[|r 2 rass|-[|r 5 ra=san]|>y

for all n large enough.

Proof. Using T0.2 we get that if T1 were false for T there would be a y >0 and
arbitrarily large integers K and L such that

K+L

M) 1% Z T~ [1 3 T,

i=1

> 2y
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fixing K and L and letting u; =T* 8, and u,=T¥*L §, we get

n+L

ff > Thu- ff Erfuz

For each interval J we have

2 > 2y for all n.

3) lim | T =0
in0 Jg

(2) and (3) give LS.

L6. For any interval I of length 1, ¢>0, u;=T% 8,,, u;=T**% 8, , we have: if
K is large enough then

ff~ z T’u,—f(f* ) Z Tiu | <e foralln,i=1,2.
i=1 ji=1
Proof. T0.7 and T2 imply that there is an M such that if |t| <1 and |z| > M then

M) |[£ 3 e | < 4o

From (1) we immediately get

[ (f—f*¢,)(z ',

L6 follows from (2) and T2 because if X is large enough

1
f“{‘/’(—M.M) < 5%
where B is the bound in T2, i=1, 2.

?) < 34e forallnand |z| > M.

L7. Let J be a finite interval containing the support of f. Let h,,(J) be the distribu-
tion of the position of the first hit in J starting with distribution u,. Then given ¢ there
is an N such that for n> N,

(5 75 7o

Proof. Let ;T be the transformation that agrees with T on functions with support
outside of J and sends functions with support in J into 0.
Let a,=(T)"u,

) ha) = >
o Tu=15 S T

Z Thoy /. Z T = 16T ),

where N is an arbitrary 1nteger o be determined later and n> N.

@

4
I Mz
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If N is large enough |(1 —4,)(;T)"u,| can be made arbitrarily small and so by T2
we could choose N so that

3 ff- nf T'(1=4;)GT)u;) | < 3¢ forallm > N.
j=1
For fixed N we have
N n-i n N
4 l. . ’ai— 1 o = V.
@ im|[r 2 2 ra[r (g =) |-

Putting (2), (3) and (4) together we get that for N large enough

® Jr&ra=fr 5(2)

Now use T2, (1) and (5) to get L7.

< 3e.

L8. Let g be a continuous function with support in a finite interval J. Assume
{ =0 and | g(x)| £ 1. Then given ¢ we can find a finite number of disjoint intervals J,
such that J=\Jf_, J, and if x and y are in the same J; then

[e| S re-s)]

Proof. T2 says that given J there is a B such that

M | [r 51

and for all functions f with support in J and [ f=0.
Next notice that

@ [e [Z T'6.-38)| = (=) 2 7'

where ,g(x)=g(x—1t) and t=y—x.
Pick an « >0 such that if |¢| <« then sup |g—.g| <¢/B. If the length of each J
is less than « then L8 will follow from (1) and (2).

< e foralln.

< B-sup |f| forall xand m

L9. Let u;=T% 8, and u;=T¥*" 8, and let J be a subinterval of J. Then given
¢ there is an N such that if K (and K+L)> N then |h,(J,J—J)—h,,(J,J—-J)| <e.
(h(4, B) is the probability of hitting A before B starting with the distribution v.)

Proof. Case 1. [ x?u=co. By T2.1 and L4 there is an M such that if |z| > M and
|y| > M then

(1) lhz(j:‘]_j)_hu(j’]_j)l < %e'
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If N is large enough [ ugh_ u,my<2e, i=1,2 and so

()

ho (T, J—T)— j w-hy (T, J=T) | < 1e
lvl>M

(note hy,(J, J—=T)={% , uh,(J,J—J) by T0.3). L9 follows from (1) and (2).
Case 2. [ x?u<oo. In this case use T2.1 to choose M so that if z and y are both
>M or both < — M

3) |h (T, T=T)=h(J, J=J)| < }e.
Now use the central limit theorem to show that if K and K+ L are large enough

“ 3 [

i=1, 2. L7 follows immediately from (3) and (4).
Proof of (1) of T1. Assume the contrary. By L5,

< %e and |%—fu,¢(_w,_M)‘ < e

>

[r 3 raxa)-|r PR

and by L6 if K is large enough we get

‘ [uew Z T(T* 5,0~ [(/5 ) 2 T(Tx*L

10"

By L7 we get for K sufficiently large and all » large enough with respect to K

0)) ‘ fU* 1) 21 T‘hu;(J)—f(f* /8] ‘Z Th,(J) | > % y.

Apply L8 to g=f* ¢; and e=y/10 to get J;, i=1,..., P. Then use L9 to get (for K
large enough, and B the bound in T2)

Ihul(Jh J Ji) hug("b J Ji)l < === i = 14, ceey P.

1 OPB

This says that h, (J)=v+v" where |v| <y/10B and h,,(J) and v’ give each J; the
same measure.

By T2
|[[Jorem 3 70| < &5
and by L8
|[orew 3 1= e 3 T,
hence

10 y foralln

[rewm 3 o= [0rew 3 T

but this contradicts (1).
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Proof of (2) of T1. Assume this were false. There would be a y >0 such that for
each N we could find x and y, x> N; y> N for which

‘ ffig T Bx_fftz T8

for all n large enough. By L6 if N is large enough

>vY

[orem 5 ra- e 5 108, | > g5
and by L7
M [rem Z T - (£ ) 2 0| > 2y

for N sufficiently large and all n large enough with respect to N.
Now apply L8 with g=f i, and y/10 to get J;, i=1, .. ., P. Then use T2.1 to get
(N large enough)

|ho iy T=T)—hy(J—T))| < ﬁ, i=1,...,P

Use this as before to contradict (1).

THEOREM 3. In T1,

ble

<

lim () = +4

x—++ 0 fx
If [ x?u=00, lim,_, , » f(x)=0.

Proof. Case 1. fx2u=oo. It is easy to see that the proof of T1 gives us in this
case

1) lim /() = tim 7).

Since lim,,_, ,, f f->r_, T 8, exists we have: given ¢ there is an N such that

@

<e form=1,2,....

J.f. i=§1 Ti(TN 80)

Since (2) is also true for T we get by T0.2

[(Srv)aa

For each K we can choose N large enough so that (¥, 7" §,<e/B (B is the bound
in T2) and applying this to (3) we get

(€)

< e, m=12,....

< 2e.

4

| > T )

x|>K §=1
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This and T2 show that the limits in (1) must be 0 by the bounded convergence
theorem.

Case 2. j' x%u < co. In this case (2), (3) and (4) above are still true and (4) plus the
central limit theorem gives

1) lim,, o f(x)= —lim,, _, f(x)=c.

(2') c only depends on T'and | xf; i.e., if [ x/=0 then lim,_, , f(x)=0.

We can see (2) as follows:

Let d(x) be the function d(x)=1-x for 0sx<1, d(x)=1+x for —1<x=<0,
d(x)=0 for |x|>1. It will be enough to show that lim,., , | f* d|(x)=0. This fol-
lows by taking Fourier transforms and noting that

[ 21t < e

because d is integrable and bounded,
n - «
2,100 < 5

for some >0 and all 6 in some neighborhood of 0 and bounded on the rest of the
line, and | f(8)| < B6? for some >0 and all 6 in some neighborhood of 0.

Because of (2") we can use any f we want to evaluate c.

Let ,d(x)=d(x—«). Then (1') says that

(3) lim lim |(,d—,.d) Z T'8 = — lim lim | (d—,41d) D T*8,.
X+ =© n=® i=1

X—00 n—» 0

Our theorem will follow immediately from (3') and the following (essentially
p. 28.4 of Spitzer [6]):

@) lim ©lim [ Qd—d—_d) 3 T8 = 2 [
(4) is equivalent to

hm = lim f(l—cos x0) d Z ur = Zszu.
i=1

x=0 X norow
This can be evaluated as in Spitzer.

THEOREM 4. Let v" be the absolutely continuous part of the measure v. Let

Ca —f z T'8, and I(x) = (Z T‘So) —Cy.
01 i=1

Then there is a function I.,(x) such that [, |l.(x)| < oo for all a, b and I,(x) converges
to l(x) in the L, sense on any finite interval.
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Proof. Let
1 n < ’
Chy = f Z Ti(v) and ln,u = Cﬂ,v— (z Til))
0 i< i=1

1

where v is a probability measure with bounded support.

(1) Let v be an absolutely continuous measure with bounded support and
bounded derivative f. Then /, , converges to some /, , in the L, sense on any finite
interval. To see (1): let . f(¥)=f(y—x)=_.f. Tl implies

| 2 T ban=aD| )
=1
converges for all x and y and T2 implies that given K there is a B such that

|3, 0+ donan)]»
for all |x| <K and all y.

|3 0 ban=aD)|© = o 3 0= | 5 7 |- = 1=

< B

i=
= n.v(—x)-
This shows (1).

(2) Given an integer K there is a B such that f’f  |In.v| < B for all probability
measures v and all #. To see (2): By T2 and T1, there is a B, such that

@) |[% ¢ I..s] < B, for all n and .

(b) |f gla,s] < B, for all |g(x)|=1, [ g=0 and support of g is in (—K, K). If
% ¢ |l.o] > 4B, we could find 2 sets, R and Sin — K, K of equal measure, such that
if we let g =4y —y5 then (b) will be violated.

T4 follows immediately from (1) and (2) and the fact that given ¢ there is an N
such that T¥ §, can be written as v, +v, where v; and v, are positive measures
fvi<e and v, is absolutely continuous with bounded support and bounded
derivative. This shows that /, forms a Cauchy sequence in L, on any finite interval.

L10. Let v be a probability measure with bounded support then

n

; ; iy —

lim lim (‘/‘(b—1/2,b+1/2)+‘/’(—b—1/2,—b+1/2)—2¢‘(-1/2,1/2)) 2 Ty = —c0.
i=1

b n—w

Proof. The proof will be very similar to that of T2.

We will start by letting r =, 5,1, and h=4_13,1/2- Then, just as in the proof of
T2 we will define r; and /;. Let I=(—1/2, 1/2) and let I+b=(b—1/2, b+1/2).

(1) For a fixed interval I, j', +b 2ie1h can be made as large as we want by
making b large enough (recall that r depends on b). To see (1) note that for a given
large number L we can choose v so that [,,, 57, T'r>L for all b by T0.4 (the
integral does not depend on b). Next given ¢ we can choose b so large that

1/2 n e
f Z Tr<--
n

-1/2 =1
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This last inequality implies that [ 37_, /i<e/n and this in turn implies that
[[(T'r)—r)<e/n for 1<i<n. From this we get that [, , >*; r,>L—e¢ which is
what we want.

(2) For fixed C, ffc >, r; is bounded independently of 4. To see this we just
repeat the argument in B of T3.2. We get (4) in that argument as before namely for
each fixed K and every n there is a set S, of nonzero measure such that

T"(Z ri)(x) < K forxes;.

i=1

Note that S, was included in the support of & which in this case is (—1, ). Next we
find a K and «> 0 such that (T* 8,)"(x) > « for all |x| <2C. We now have that

j_ Z'£<7

because otherwise T*(37-, r;)(x)>2K for all |x| <4 (and hence some x in S}).
(1) and (2) imply
(3) [ 221 ri(—¢:+1,,) tends to oo as b tends to oo.

“ ;Z Ti(r—h) = ‘2 r+ ﬁi Z—:

If we can show

) ‘ [(25 m- 3 ) i

i=1 j=

] M:

for each fixed b and large enough n, then (3), (4) and (5) will imply L10 for the case
when i, is the derivative of v.
To see (5) note that >;2, I;=h by equation (C)(1) of T3.2. Pick X so that

<e

where e is chosen so that if B is the bound for |31, T* 8,(; — 1, ,)| given by T3.2
(B may depend on b but not on x) then ¢éB <4. Now rewrite the left side of (5).

.f Z‘ Tl ~ i nZ le‘)(¢l—¢1+b)

il] i=1j=1

+J(2 Sri- 5 Z"Tflf)(xb,—sbm).

=K+1j=1 i=K+1 j=1

(©)

The first term of (6) tends to 0 as n — oo because each [ T (¥;+ ;. ,) tends to 0.
K was chosen so that | |32, /| <e and because of the way we choose & and T0.3
the second term of (6) is less than 4.
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We have now shown L10 for the case when the derivative of v is ;. However for
each interval J we can use T2 to find a B depending only on J and I (not on b) such
that

@ [ S TH5.= 8,0+ brav—201) | < B

v i=1

for x and y in J.
We can now use (7) and T0.3 to get L10.

THEOREM 5. Let I,(x) be the limit in T4. Then lim,_ . » [;* lo(x) both exist.
Either both limits are —oo or one is —oo and the other finite.

Proof. We will start with some definitions. If J is an interval let ,J be the interval
J translated by a. If v is a probability measure let

L= = lim (o=t 3 T

We can assume

(1) 1imy 4 o Ls (oJ—»J) =0 for each fixed J, a and b, because otherwise we could
easily see from T3 that both limits in TS equal —oo.

(2) Given ¢ there exists an N such that if a> N and |x| <1 and |y| <1 then

[0o 3 180 3 15,
i=1 i=1

To see (2): Fix x—y. We can then get an N satisfying (2) by applying (1) with
b=a+x—y. From this we get that there must be a set E of nonzero measure such
that (2) is true with the additional condition that x—y € E. It is easy to see that (2)
must also be true for x and’y such that x—y=x; —y; —(x3—y,) where x; —y, € E
and x,—y, € E. But the difference set of £ must contain an interval. Now cover
(=1, 1) by a finite number of translates of this interval and write x —y as one of a
fixed finite number of numbers plus a number in this interval and we are finished.
(3) There is a B such that if |[x—y| <1, J an interval of length less than 1 then

lim

n-» o

< e

f‘/’l Z T! Sx—flllj Z T'S,| < B
i=1 i=1

for all n. (3) follows easily from T2.

Q) f('/’(—l,l)—'l’(x,x+2)) 12 T'8, > K

for all x and n where K is a possibly negative number. To see (4): Let v be the
distribution of the first hit in (x, x+2) starting at 0. Then

f¢(x,x+2) Z T'§, < f¢(x,x+2) z Th = f‘/’(—l,l) Z Y SR
i=1 i=1 i=1
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(,v=v translated by a) and by (3) we get that

’f‘/‘(—l.l) z T(t—x-nv"f'ﬁ(—x,n Z T3,
i=1 i=1

for all n and v with support in (—1, 1). (4) says that

< B

x+1
supj Io(y)dy < .
X Jx

If TS were false we could see with the help of (1) that there would be numbers
Mi>M,>Mz;> M, such that

®) M, > L;(I-1I) > M, and Mz > L, (,I-1I) > M,

for arbitrarily large b and ¢ (I=(—1%, 1)).

(6) Because of (2), if b and ¢ are large enough (5) will remain true if we replace
8 by any probability measure on I. _

Next choose a point z, |z| very large (to be determined later) and e < (My— M;/10
and define the measures «, B, y to be the part of the distribution of the first hit in
TV, IV I thatlies in I, I, I respectively (starting at z).

(7 Ly (I-DI)=L(J—I)+Lg(]—1)+Ls(J—,I)+L,([—1I). This follows from
L7 (or from T2 and the fact that lim,_ [, 7" 8,=0 for all x and bounded J).

(8) By choosing b and ¢ large we can make |B| and |y| arbitrarily small. To see
(8): Let us restrict our attention to I and .I. Let vy, v, be part of the distribution of
the first hit in 7 U I starting at z that lies in 7, .I respectively.

By (5) |Ls,(.I—1)| < M, and so by L10, L, (.I—I) can be made arbitrarily large
by making ¢ large enough.

Illlrn ILvl(cI_I)_va(CI—I)l =0,
2| — o

by (1) and L7. We can now see, with the help of (3) that |v,| must be very small.
|y| < |vs]. This and a similar argument for B give (8).

) LI-D)+Ly(,I—I)+L,(,]—1I)tend to 0 as |z| — oo and if ¢ is chosen large
compared to b we get by (1), |Ly(/— 1)+ Ls(,l—1I)| <e.

Using (9) and the fact that for |z| large enough, |L;(./—1I)| <& we can rewrite
(7) as:
(10) |Lalel = 1) = Lo(oI = I)+ Lg(I = oI) + L (I~ 1)

= |Lo(ed — o) + Lol = oI+ L(I—1)| < 2e.

(11) By (5) and (6) we have L(.I—,1)> M;— M.
(12) If c is chosen large enough with respect to b and |B| forced to be small
enough we have |Lg(./—,I)| <e. To see (12):

|Loy(cl =) =L jig(cI=oI)] < B by (3).
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Ly (I—pI)=Ls,(.-oI—1) if ¢ is large compared to b this last term is almost equal to
Lo,(I~1) by (1. |

(13) By forcing |y| to be small enough we can insure that L,(.I—1I)> —e. This
comes from (4).

(10) together with (11), (12), and (13) gives a contradiction.

Section 4

THEOREM 1. A random walk on the line is transient if and only if

@ 1
f_a Re (1——12(0)) df < o for some a # 0.
(u is a probability measure equal to the distribution of the random variables of the
random walk, and i(9) is its Fourier transform.)

(The proof will depend only on the proof of T3.2.)

L1. If Theorem 1 is true for all random walks such that u has an absolutely con-
tinuous component then Theorem 1 is true for all random walks.

Proof. By the Chung-Fuchs theorem, a random walk is transient iff, for some a,

a

. 1
lim aRC(m)d@(@ (0<t<1).

t-1 -

Therefore we need only show that

. a 1
) ltlil} . (1—_5‘,—(7)) df < o for some a
iff

ﬂb Re (1_—;(03) df < o for some b.
Now the hypothesis of L1 says that the above implication is true if u has an ab-
solutely continuous component. If # does not have an absolutely continuous
component we will change it a little so that it has one and show that this change
will not affect either side of (1).

(2) We can always find a probability measure m with an absolutely continuous
component such that [*_ x'(m—u) dx=0, i=0,1,2,3 and [*, x*(m—u) dx <.
(Assuming the support of  is more than 2 points.)

If the moments of u are not all finite then pick N large enough so that at least 2
points of the support of u are in (— N, N). Let m agree with u outside (— N, N)
let v=u-_y /[ u-d_yn. v is a probability measure whose moments are all
finite and we must find a probability measure m’ with the same first 3 moments,
finite 4th moment and an absolutely continuous component.

For the sake of notation we might as well assume that the moments of u are
finite and find m as before.
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If the support of u is more than 2 points then [ x2u> ([ xu)2. Now for any 2
numbers a > b? there is a canonical measure v, , that gives measure % to 2 points
equidistant from b and such that | x?v, ,=a (and [ xv,,=b, | v, ,=1). Next pick
any measure 7 with an absolutely continuous component, and finite moments. Let
,0 be ¥ translated by y. Consider the measure at,5+a(l1 —¢)_ =5, 4, For each N
and >0 we can pick y large enough, and a < e so that

Jxasy,a,l > N, fxas,,.a,o < —N

fsv.a,t’ fxsy,a,t

are all <e for all 0<¢<1. To each s, ,,; add cv, , (defined above). Choose a, b, c
so that if we call my o ;=5y,q,:+ (1 —)v,,, we have that

fxmy,.u = fxu, J~x2my,a’t = fx2u and fmy,a.t =1.

This determines a, b and ¢ uniquely in terms of y, « and ¢ if ¢ is small enough. (See
the first two sentences in the paragraph.) Next if N is large enough

fxau J‘xau

(|f x®cv,,5|) are uniformly bounded for all of our choices of cv, ). By continuity
 x®my o= x®u for some choice of ¢ between 0 and 1.

1 1 ta—m)
&) 1—ti 1—-th (Q—t)(1—tm)

and

2
and fx Syt

.

fx"mm’1 >

3
and fx My.a0 < —

There is a constant C such that in some neighborhood of 0,

1(ii — i)

—_ <t<
A= ta)d =) <C forallt,0 =t =1,

since for any probability measure v there is a constant K such that 1—|§(6)| > K62
in some neighborhood of 0.

L2. If there is an a such that

. a 1
%ljl} e Re (Tﬁ(g)) df < ©

then %, Re (1/(1—1(6))) df < 0.

Proof. This follows from the fact that

1
Re(l_—tﬁ(e—))go for0 £t 1.
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L3. If u has an absolutely continuous component and if

a 1
f_a Re (T——ﬁ_(_?)) df < oo for somea > 0
then

fb Re (1_ (0)) df < oo forany b > 0.

Proof. This is easy and will be omitted.

L4. Let f(x) be a real valued function with the following properties:

flf(x)l =1 ff(x) = IXf(x) =0, fxzf(x) < .

f is symmetric and f has support in (—a, a). Then if

Jm Re(l_l(e)) =K < o forsomea#0

there is a B> 0 and independent of f such that

lim f £ > u® < B.
=1

n— o

(B will depend on a and on K.)

Proof. f() must have the following properties. |f(6)| <1, f(0)=0, f'(0)=0,
£"(0) <0, f(6) is real and f(8) has compact support. From this we see that

(1) |£(8) Sp-, d4(8)| < C for all 6 and all n. (We use here that f(8) < C’62 in some
neighborhood of 0, that 1—|@#(6)| > C”62 in some neighborhood of 0, that 4(6) is
continuous and #(8)# 1 for 6#0.) From (1) we get

@ im [* o) 3 a@yan = [~ 0 g a0

The right side of (2) is less than

[".|re (=) |

where (—a, a) includes the support of fand the left side of (2) is lim,_, [f Zrqu®.
The next lemma will be an elaboration of 13.10.

LS. If u has an absolutely continuous component and is recurrent then we can
construct an f satisfying the condition of L4 but with lim,_, , [ f >7_; u® as large as
we want.

Proof. Let k be any function such that k(x) 20, [ k(x) dx=1. k(x) is symmetric
(k(6) real) and k(8) has support in (—a, a). Let g(x) be the function

gx)=1,b—-3=x=b+3%

gx)=1, —b—3=x=-b+14,
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g(x)=2’ —%éXé‘} (Call (_%9 %)9 I)a

g(x)=0, all other x,
b will be a very large number to be determined later. £ will equal g * k * ;. We will
start by examining some of the properties of g.

Let g1 =tw-1/2,04 172 — ¥~ 12,1/ then g=g1 — _,g1 (_.g1 is g, translated by —a).
We will restrict attention to g, for a while.

Let r=t@_1/2,5+1/2) and A=_1/2,1/2. Let T be the operator convolution by u.
As in the proof of T3.2 we will define r; and /; as follows:

Let ry=r and /,=0.

Let ro=Tr, —inf (Try, h), I;=inf (Try, h).

Let ra=Try—inf (Try, h—1y), ls=inf (Try, h—1y).

Let

i-1
ry = Trg_l—inf (Trg_.l, h— Z Ij),
' j=1

i-1
I, = inf (Tr,_l,h— > 1,).
j=1

(1) Forafixed interval I, [, , >, r, can be made as large as we want by making
b large enough (recall that r depends on b, and that I+ b is I translated by b). To
see (1) note that for a given large number L we can choose v so that

[ Srrs>r foras
I

+b i=1

by T0.4 (the integral does not depend on b). Next given e we can choose b so large

that
1/2 n
f Z Tir < =
n

-1/2 {=1

This last inequality implies that
n
JZ I < £
i=1 n

and this in turn implies that [ T'r —r; <e/n for 1 £i<n. From this we get that

n
f Z rp>L
I+b §=1
which is what we want.

(2) For fixed C, [°, 52, r, is bounded independently of b. To see this we just

repeat the argument in (B) of T3.2. We get (4) in that argument as before, namely,
for each fixed K and every » there is a set S, of nonzero measure such that

T"( Z n)(x) < K forxeS;.

i=1
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Note that S, was included in the support of A which in this case is (— 1, 4). Next we
find a K and «> 0 such that (T¥ 8,)"(x) <« for all |x| <2C. We now have that

J‘c & 2K
Z < —
-C i=1 o

because otherwise T¥(3}.; r)(x)> 2K for all |x| <4 (and hence some x in Sy).
(3) Fix an interval J; then for any two intervals I and I’ of the same length and
both included in J we have that

@ L
Sn-[ >n
bi=1 I'+d =1

is bounded independently of I, I' and b. (The bound may depend on J.) To see this
define h; and /; as in T3.2, (C). Then >{2, h;+r, is a constant a.e. Apply (2) to the
h to get [,,, >, h; is bounded independently of . This implies (3).

® (750 [T 5 o

b-1/2 {= x-1/2 {=1

where D is a constant independent of b and x. This comes from the fact that
>R+ 22, b is a constant and that

b+1/2 ©
f z h <D

b-1/2 {=1
where D is independent of b.

) [ (3, ) ks

tends to +oo as b tends to +oo0. To see this divide the integral into three parts
52¢, | and the remainder. Choose c large enough so that [ k> 9/10.
As b tends to oo, fy*¢ tends to +co, [ stays bounded and the absolute value

of the integral over the rest is <(3/10) §, "”

g [(5 )= (57 4]
[[(g ) +Jo-s

n-1

) Z T'g, = Z TH(r—h) = Z Z > Til— Z T'h.

i=1 j=1

©)

Now write

What remains to be shown at this point because of (5), (6) and (7) is that

®) U[ ‘"1 2 lT’l‘ Z T‘h) ][k—,,k]

if we fix b and then take n large enough.
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To see (8) note that >}, /;=h. See (C)(1) of T3.2. Pick a K so that

J- K
i=1

3 -

where ¢ is chosen so that if B is the bound for 3%, (T 8,.)(;.»,— ;) given by T3.2
(B depends on b) then eB < 4. Now rewrite the left side of (8).

f [(Z Z - Z Z T’l‘) * k] Wr=dr4s)
f [(‘Z Z - 2 Z ’lf)*k](¢,—¢,+,,).

i=K+1 j

®

The first term of (9) tends to 0 as n — oo because for each I, [ [(T™) * ;] k tends
to 0.

K was chosen so that [ |32 ¢,/ k| <e and because of the way we choose &
and because of T0.3 the second term of (9) is less than 3.

Section 5

THEOREM 1. Let r >0 be a bounded Borel measurable function with bounded support.
Let

n
= Cp— Z u®.
i=0

(Co=[3 2t=0 u®, U@ =80, uV=u, uP=u + u etc.)
Let I=1im,_, » I, (Iy — I" by T3.4; the singular parts obviously converge). Then (a)
there is a constant K such that | ¥ r+ K20 everywhere and (b) ux (I xr)=I1xr+r.

Proof. It will be convenient to assume j' r=1. To see (a) note that

x+1 1 1 n
) f z u® < J Z 4 xp
x i=1 0 §=1

where v is the distribution of the first hit in (x, x+1), translated by —x.
By T3.2 and T0.3

1 ®© 1 ©
2 f u“)—J wxv £ B.
( ) V] i=z1 1] 121

(1) and (2) give (a) for r=3,;,. By T3.2

(Zn: “(‘)) * (r—t,v)

i=1

B

everywhere, giving (a). Actually we have proved a little more, namely

3) I,*r+K > 0 everywhere for all n.
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From (3) and the fact that lim,_, ., 4™ % r=0 everywhere we get that
©) ux(*xr) S (I*r)+r.

So far everything has been straightforward. We will now use the same idea as
in Spitzer [6], namely: we will show

5) (I*xr)+r—ux(I=r) isa constant a.e. (call it C).
C must be 0 since

u™(*xr)y=1xr+ Z ur—nC 2z 0
i=0

and u®, r — 0. To show (5) we will proceed as in T3.2. Define 4 to be r translated
by x. Define r; and /; as we did there. Then

n n n n-i
(6) D umxr = Z ri+ Z u® I
i=1 i=1 i=1j=1
and
i=1
by (C)(1) in the proof of T3.2
n n-i n
®) lim (z uP % I, — Z uw*h) =C
n=® \{=1 j=1 i=

where C is a constant.
We will devote the next few equations to proving (8).

© lim (c,,- > ux h)
n=® =1
exists everywhere and the convergence is uniform on finite intervals, by T3.4.
n n-i
(10) lim (c,,— > D uPx 1,)
n- o i=1 j=1

exists everywhere and the convergence is in L, on finite intervals. This follows from
(6) and (9) with A replaced by r.
(11) Let g, stand for the expression in (8). Then

J(tm s)r=c

for any bounded function f with bounded support and [ f=0 ((11) implies (8)). To
get (11): note that

[(tim g)f = tim [enr
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because of (9) and (10). Let g,=c+d where

K n-i K =n
c= Z u"’*li—z Zu‘”*l;
i=1j7=1 i=1 j=1
n n-i n n
d= Y YuPxl— > > udxl,
i=K+1 j=1 i=K+1 j=1

By T3.2

< B for all x and n.

fz u® % 8, f
i=1

We can therefore, given ¢ pick K so that

L <
J\l=;-l-1i B

and therefore || d-f| <e. With K fixed we get that for all n large enough | ¢-f]| <e.
This gives (11) and therefore (8).

(12) Ir= lim(/,*r)
and the convergence is uniform on finite intervals. This follows from T3.4.
n n n-i
(13) I+r = lim ( dont > 2 u"’*l,—C,,).
R ®© \§=1 i=1 j=1

This comes from (12) and (6).
(14) Ixr= > r+lxh-C.
i=1

This comes from (13), (8) and (12) with r replaced by A.

0

ux(Ixr)—(I* r)—r(u* Z r—- i r,—r)+u*(l*h)—(l* h)
) ) —ux(Ixh)—(*h)—h.

The last equality comes from (C)(3) in the proof of T3.2. (15) implies (5) since A
is r translated by an arbitrary x.

s

THEOREM 2. Let u be a probability measure with an absolutely continuous com-
ponent. Assume the walk is recurrent. If Tf—f=Tg—g=4¢ a.e. (f(x)20,00>B>
#(x)20 and the support of ¢ is in a finite interval), then f—g=ax+b ae. If
| x*u=c0, then f—g=> (a and b are constants).

Proof. We will fix an interval K and divide it into disjoint intervals J; of equal
length. We will then show that the two sequences | , fand j',‘ g are the same up to
a linear sequence (and if j' x2u=00, up to a constant). Since K and J; are arbitrary,
this will be enough. (We assume that the J; are indexed in their natural order.)



42 D. S. ORNSTEIN [April

(1) fis integrable on any finite interval. This is so because #® is bounded away
from O on some interval.

(2) Define f,(x)=inf (f(x), n) and define /,(x) so that Tf,=f,+é—1,.

(3) 1,20 (Tf, <f,+¢ where f, <n and Tf, <n).

@ Tf=fat+ 211 T'— 21 T',.

©) [hL=]4.

If (5) were not true, write /,=1/; +1, where /; is bounded with bounded support
and [l,={¢, then 3., T'(¢—1) converges and 3], T'l, diverges but this
contradicts the fact that >{_, T'(¢—1,) <n for all j (by (4)).

(6) T'f, tends (as j — oo, n fixed) in L, on any finite interval to a constant. (6)
requires a little proof.

T = [£15,

and
(TH)X) —(Tf)(») = ff,. T'(3.—3,)

By T0.7 lim;_ ., [ |T%(8,—8,)|=0 and since f, is bounded we get (6).

(7) For a fixed interval I

lim | I, =0.
n-— 00 1
(This is so because /, tends to 0 pointwise and /, <f+¢.)

For large I about O write /, as [,=[l,]; + [[,)o+ [l.]s where [I,], is the part of
I, in I, [I,], the part to the left of I. Write ¢ as ad+ bé where a and b are positive
constants and [ ap=[ [I,],.

(9) By choosing n large enough we could force

<e

|| 3 7ab-tan =)

for all J;, J, and N by (7) and T3.2 (I is fixed).
(10) If Iis large enough _l',‘ -1 T*[l,]; tends (as j — oo, n fixed) to a sequence a
(indexed by i) that is almost linear by T3.1, and T3.2 because

L ;
[ 2 Ptk [ 3, T~ )0

tends (as j — oo, n fixed) to ¢ where e can be made as small as we want by making 1
large enough. (We assume that the J; are indexed in their natural order.)

J ]
1y [ >ra-[ S

tk=1 Jok=1

tends to a limit for each i as j — oco.
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(12) We can now see that the sequence L‘ fn is determined (up to a linear
function, i.e. an arithmetic progression) by ¢. Choose I to satisfy (10), then n to
satisfy (9). We now use (6), (9), (10), and (11) to evaluate the different terms in (4).

(13) If | x2u=oco then the sequences obtained in (10) are almost constant by
T3.3.
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